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Figure 1: An example of a smooth spline.



The Objective

Given N + 1 points @g,..., Zy, we want to find a smooth curve that goes
through all points. In this paper we take a look at quintic hermite splines as a
mean to fit these points. Quintic hermite splines are made up of N polynomials
of order 5. Each polynomial k£ connects the points Z; and Zr,1. As each
dimension is treated independently, we will only consider a single dimension
in the following, meaning points x; are scalars. By fitting a spline for every
dimension, 2- or 3-dimensional splines can be obtained.

On a Search for Coefficients

The quintic hermite spline is characterized by 5th order polynomials Sy, : [0, 1] —
R with & € {0,...,N}. As points are interpolated, each polynomial is only
defined for the range 7 = 0 (start point) to 7 = 1 (end point). Its first four
derivatives are easy to compute.

S(1) = co + 17 + com? + e3> + catt + c570 (1)

S (1) = ¢ + 207 + 3372 + dey + SesTh (2)

SP (1) = 2¢ + 6e3 + 12¢47% 4 20c57° (3)
SG) (1) = 6c3 + 24caT + 60c57

SW (1) = 24¢4 4 120¢57

Start and end point are set equal to the points we want to fit: Sy (7 =0) =
and Si (1 =1) = x41. This implies that Sk (1) = Sk4+1 (0). In matrix vector
notation this leads to the following equation for start and end point.

zo 1 000 0 07 7Jeo
o 0100 0 O0f|ea
iol (0020 0 0ffe
x| (1 1 11 1 1] |ecs
@1 01 23 4 5| |ca
i1 00 2 6 12 20] les

To obtain the coefficients, we simply solve the linear system.

co 1 0 0 0 0 07/[=
c1 0 1L 0 0 0 0]/ 0
2| _| 0 0 %3 0 0 (1) io @)
c3 -10 =6 -3 100 —4 i |m
ca 5 8 2 —15 7 —1f |@y
cs -6 -3 -+ 6 -3 i]l&

With the resulting formula from we can calculate parameters of the connect-
ing polynomials given a start and end point and its 1st and 2nd order slope.
Thus, the only remaining unknowns are the slopes &; and Zj, for intermediate
points k € {1,...,N — 1}.
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Figure 2: Polynomials of a spline fitted through points A, B, C, and D. You
can observe the undefined behaviour of each polynomial outside of its defined
range.

Solving Slopes

We can solve for these slopes by enforcing constraints. A reasonable constraint
is to require continuity in C*. Therefore we require the fourth derivative to
be continuous, which is the case if the derivative of one polynomial is equal to
that of the next at the same point in space. Since Si(1) and Si11(0) are same
points, we get,

Sy =59 (0)

=4 246].;74 + 1206]@,5 = 24Ck+1’4
pas Ck,a + 5CL5 = Clky1,4 (5)
And,

3 3
S = 5170)
= 6ck’3 + 240]674 + 600]“5 = 6Ck+1’3
& cr3+4cpa+10ck, 5 = Ccpy13 (6)
We need two equations because we are solving for two unknowns. In order to

express and @ in terms of & and &, we first of all solve , , and for
c3, ¢4, and c5 using x, &, and & so that we can substitute.



To solve for ¢3, ¢4, and c5, we set
Tpy1 — Tk = Sk(1) — Sk(0) = cp + cr2 + Cr3 + Cra + Crs

1) — S(0) = 2ck.2 + Bcks + Ak + Bers
1) — S(0) = 6cx.3 + 12¢k.4 + 20ck 5

Tyl — Tp = S;(cl)(
Frg1 —dn = S
k+1 — Tk k

As a result, we get

Try1 3

Ck,3 = B —T+1O$k+1—10$k—4ik+1—6ik
Cha =5~ ~ Tht1 — 15011 + 152, + Tdpq1 + 82k
Ch5 = k2+1 —7k+6xk+1—6xk—3xk+1—3xk

We plug the result into and @ to obtain the following equations

TTpto + 162,41 + T2k — Zpqo + Tk = 15Tg42 — 1Dxy, (7)
—20xk42 + 40zk 41 — 202 (8)

—8Tpqo + 8T + Tpto — 6Tp41 + T

This is a linear system. As we have two unknowns, # and #, and two equa-
tions, we can solve it. To make it solvable using an algorithm (e.g. by QR-
decomposition), we express it in terms of AZ = b. We start by subdividing A
into 14.]_]_7 .'42]_7 A127 and Azz.
A1 Aix2
A =
{Am A2z

We can compare coefficients from and .

6 7 00 ... 00 0 O 0 -8 0 O 00 0 O
7 16 7 0 ... 0 0 0 O 8§ 0 -8 O .00 0 O
0 7 16 7 00 0 O 0 8 0 -8 00 0 O
A1 = Az =
0 0 0 O 716 7 0 0 0 0 O 8 0 -8 0
0 0 0 O 0 7 16 7 00 0 O 08 0 -8
0 0 0 O 0 0 7 16 0o 0 0 O 00 8 O
0 -1 0 O 00 0 O -6 1 0 0 0 0 0 O
1 0 -1 0 00 0 O 1 -6 1 O 0 0 0 O
0 1 O -1 ... 00 0 O 0 1 -6 1 0O 0 0 O
A1z = Ag2 =
o0 0 O 10 -1 0 0 0 0 O 1 -6 1 0
o0 0 O 01 0 -1 0O 0 0 O 01 -6 1
o0 0 O 00 1 O 0o 0 0 O 0 0 1 —6

Table 1: Submatrices of A. These are obtained by comparing the coefficients

of and for different k.



Finally, we obtain the complete matrix system by determining # and b.

r = |:(E1 o X3 T4 ... Ipn—-1 L1 X2 I3 T4 ... xn,l]
I 1529 — 1529 — 729 — o T
15 (z3 — x1)
15 (a:4 —z2)
15 (x5 — x3)
i; _ 15 (xn - -Z’n72) —TTpn + ZTn

—20 (332 — 2z + xo) — 8tg — Zo
—20 (273 — 2z + rl)
—20 (x4 — 223 + x2)
—20 (x5 — 24 + 1‘3)

__20 (xn —2xp_1+ xn—2) + 8y — i’n_

Using this linear system, both &) and &y for every k € {1,..., N — 1} can be
found. The spline can therefore be calculated given points x for all k, and start
and end slopes &g, Zg, Tn, and Z. The solution always exists and is unique
because it can be shown for every IV, that matrix A has det A # 0.

The Result

As can be seen in the resulting quintic hermite spline is smooth and
continuous.

Figure 3: A quintic hermite spline calculated using this method. Green points
are x. o, Lo, TN, and &y were all set to zero. The tangents (1st derivatives)
found by solving the linear system are highlighted.



